We study the transport properties of a quantum dot-Majorana hybrid system, in which each of paired Majorana bound states is connected to one quantum dot. With the help of non-equilibrium Green's function method, we obtain an exact solution of the Green's functions and calculate the currents through the quantum dots and nonlocal noise cross correlation between the currents. As a function of dot energy levels ǫ1 and ǫ2, we find that for the symmetric level configuration ǫ1 = ǫ2, the noise cross correlation is negative in the low lead voltage regime, while it becomes positive with the increase of the lead voltages. Due to the particle-hole symmetry, the cross correlation is always positive in the anti-symmetric case ǫ1 = −ǫ2. In contrast, the cross correlation of nonMajorana setups is always positive. For comparison, we also perform the diagonalized master equation calculation to check its applicability. It is found that the diagonalized master equations work well in most regimes of system parameters. Nevertheless, it shows an obvious deviation from the exact solution by the non-equilibrium Green's function method when all eigenenergies of the dot-Majorana hybrid system and simultaneously the energy intervals are comparable to the dot-lead coupling strength.
I. INTRODUCTION
Majorana fermions, defined as fermions equivalent to own antiparticles, have been being hunted by high energy physicists for a long time.
1-3 Recent years, the search of Majorana fermions has been shifted to solid-state systems, such as in the fractional quantum Hall system and p-wave superconductors. [2] [3] [4] [5] [6] [7] [8] In particular, the Majorana bound states (MBSs) are predicted to appear at two ends of a semiconductor nanowire, in the proximity of an s-wave superconductor and under a proper magnetic field. [9] [10] [11] [12] [13] [14] [15] [16] [17] The signatures for possible formation of a spatially separated pair of MBSs were reported in several experiments. [18] [19] [20] [21] [22] Two well-separated MBSs can define a nonlocal fermion level and its occupation encodes a qubit. [5] [6] [7] This nonlocal topological qubit is immune to local perturbation and thus, has potential application in quantum information. However, for the same reason, it is of great challenge to coherently transfer and to read out the quantum information of the topological states. 7, 17, 23 It has been suggested that the MBSquantum dot hybrid system might be one of the solutions to the problem. 7, 23, 24 Up to now, various MBS-dot hybrid devices [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] have been proposed to detect existence of MBS, 26, 28, 29 to modulate nonlocal correlation, [30] [31] [32] [33] [34] to estimate lifetime, 27 and to remove the effect of disorder.
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Therefore, it is important to investigate the transport properties of the MBS-dot hybrid systems. One of the fascinating properties of MBSs is that MBSs could induce nonlocal current cross correlation when they are coupled to mesoscopic circuits. [36] [37] [38] [39] [40] [41] It has been shown that a positive cross correlation could be induced when MBSs couple to electron reservoirs directly.
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In our previous work, we proposed a device to modulate the Majorana-fermion-mediated cross correlation of the currents flowing through two quantum dots located between the MBSs and reservoirs. 30 Subsequently, the time-dependent evaluation of electron population and other related transport properties were investigated by the scattering matrix theory 31, 32 and the master equation approach, 33, 34 respectively.
In this paper, we systematically investigate the nonlocal transport properties of the quantum dot-Majorana hybrid systems (as shown in Fig. 1 ) by means of both the non-equilibrium Green's function (NEGF) method and diagonalized master equation (DME) approach, respectively. The currents through the quantum dots and nonlocal cross-correlation between the currents are investigated as functions of lead voltage, dot energy levels, Majorana energy splitting, dot-Majorana coupling, and temperature. In the weak dot-lead coupling regime, we obtain the analytical expressions of the currents and their noise correlation. The sign distribution of the crosscorrelation is analyzed (summarized in Table I ), which shows a distinct 4-region feature from pure quantum-dot or superconducting circuits (see Figs. 4 and 5 for comparison). Furthermore, in the noninteracting case, the NEGF method gives the exact solution, offering a benchmark to check the applicability of DME. The paper is organized as follows. In Sec. II, the model Hamiltonian of the dot-Majorana hybrid device, as well as the current and noise cross correlation formulas in terms of NEGF and DME, are introduced. The details of derivation are given in Appendices. In Sec. III, the numerical results for the current and noise cross correlation are presented. In Sec. IV, the applicability of the DME approach is discussed by comparing with the exact solution by the NEGF method. Finally, a summary is given in Sec. V. I: Sign distribution of noise correlation S12 with the increase of lead voltage V0 in the weak dot-lead coupling regime. For simplicity, we consider the case of symmetric Majorana-dot and dot-lead coupling strength, i.e., Γ1 = Γ2 and λ1 = λ2.
II. MODEL AND FORMULISM
A. Model 
FIG. 1:
Schematic of a quantum dot-Majorana hybrid system. Two quantum dots are coupled to two ends of a semiconductor nanowire with strong spin-orbit interaction. The nanowire is in contact with an s-wave superconductor. In a large enough Zeeman field, the nanowire is driven into the topological superconducting phase and a pair of Majorana bound states appears at its ends. Each dot is connected with a normal metal lead.
The schematic of the setup is illustrated in Fig. 1 . Two quantum dots are connected to a one-dimensional semiconductor nanowire with strong Rashba spin-orbit coupling. 25, 30 Under a proper magnetic field, the semiconductor nanowire resembles a topological superconductor when it is adjacent to an s-wave superconductor due to the proximity effect. [9] [10] [11] [12] [13] [14] [15] [16] [17] At the ends of the wire, a pair of MBSs emerges. Each dot is connected to one of the MBSs and one normal metal lead. Experimentally, the magnetic field is up to several Tesla, which can produce a Zeeman splitting in each dot as well such that the spin degree of freedom of electrons can be suppressed. Consequently the model Hamiltonian is expressed as
In the frequency space,
In this representation, the currents are given by
and the noise spectrum S 12 (ω) is given by
The matrices of the current operators are given by 
To find the lesser Green's function G < , we need to calculate the retarded Green's function G r . As there is no four-operator interaction term in the Hamiltonian, the Green's function can be solved analytically. Performing the standard equation of motion procedure for the central region, the retarded Green's function G r can be found and written in terms of the Dyson equation
Here g r is the bare Green's function of the central region when isolated from the leads (i.e., when t 1 = t 2 = 0),
and the self-energy Σ r has the form
Using the relationship G r = (G a ) † , the advanced Green's function can be found. It is straightforward to have the lesser Green's function from the standard Keldysh equation,
In the present case, Σ < = 0 and
with
where f (ω) = [1 + e ω/kBT ] −1 is the Fermi-Dirac distribution function and k B T is the temperature.
D. Diagonalized master equations
The electronic transport through this system in a sequential tunneling regime can also be described by the quantum rate equations for dynamical evolution of the density matrix elements. [46] [47] [48] [49] [50] In this subsection we present the formula of the currents and their cross correlation in the diagonalized representation. 49 In comparison with the NEGF method and the regular master equation approach, the DME approach is convenient in the calculation of many interacting and strongly coherent energy levels.
In the dot-Majorana hybrid part, there are eight states in the particle-number representation |n 1 n 2 n M , where n i = 0, 1 is the occupation numbers in dot i and the MBS. By choosing the basis {|000 , |101 , |011 , |110 , |001 , |100 , |010 , |111 }, the eigen equation for the dotMajorana Hamiltonian is given by
where
As the matrix is block diagonalized, we denote the eigenstates in terms of Ψ
for k = k ′ and
Hereµ i is the chemical potential in lead i, and ∆ k ′ k is the Bohr frequency of the transition from |β k to |β k ′ . In the wide-band limit approximation, the coupling between dot i and its lead is denoted by Γ i = 2π|t i | 2 ρ i with ρ i the spinless density of states near the Fermi surface of lead i.
The steady-state current I i is given by
whereΓ i is the matrix of the current operator and its element is given bŷ
The first term ofΓ i k ′ k is the tunneling current flowing into the lead and the second term is the tunneling current flowing from the lead to dot.
We are interested in the cross correlation induced by the MBS between the currents through the quantum dots. The noise power spectra can be expressed as the Fourier transform of the current-current correlation function
where I i is the current in dot i and t is the time. Furthermore, the current-current correlation function can be expressed in the representation as follows
withT (t) = exp[Wt] the propagator governing the time evaluation of the density matrix element ρ k (t). Finally, the current-current correlation in the ω-space becomes
whereT (±ω) = ∓iωÎ − W −1 .
III. CURRENTS AND NOISE CROSS CORRELATION
In the section, we will calculate the current and zerofrequency cross correlation S 12 as functions of the lead voltage, Majorana energy splitting, dot energy levels, and temperature. The results by both the NEGF method and the DME approach will be presented simultaneously for comparison. In most calculations, we use the same dotlead tunneling rate and dot-Majorana coupling strength for both dots, i.e., Γ i = Γ 0 and λ i = λ 0 , while the effects of asymmetric dot-lead and dot-Majorana coupling are discussed in Sec. III E. All energies and frequencies are measured in units of Γ 0 . The voltages V 0 = µ 1 = µ 2 are symmetrically applied to both leads. 
A. Tuning lead voltage
In Fig. 2 we show the charge current I 1 and cross correlation S 12 as functions of the voltage V 0 for different values of the Majorana energy splitting ǫ M . As shown in Fig. 2 , the currents and cross correlations obtained from the two methods agree very well with each other. At low temperatures, the I-V curve exhibits the standard staircase behavior, ascending in steps and rising to a higher plateau every time the chemical potential of the leads µ i crosses a higher energy level of the central region. are contributed by thermal excitations. As the chemical potential of the lead exceeds the eigenenergies one by one, the transport channels are opened correspondingly. Fig. 2 considers the case that both dot energy levels are higher than the middle position of the superconducting gap. At a relatively low voltage, the cross correlation favors a negative correlation, corresponding to the competitive relationship between two tunneling paths. With the increase of voltage, the cross correlation shows a sign reversal and becomes positive, indicating that the correlation between two channels becomes cooperative.
B. Effect of Majorana energy splitting
The Majorana energy splitting ǫ M between two MBSs is a key parameter to generate nonlocal cross correlation and the dependence of the cross correlation on ǫ M is shown in Fig. 3 . It has been demonstrated theoretically 51 and experimentally 22 that the splitting ǫ M has an oscillatory dependence on the Zeeman field and the chemical potential in the nanowire, and exponentially decays as a function of the wire length. For a nanowire with its length ∼ 1µm, the typical energy range of ǫ M is about 0−50µeV. 51 In the limit of ǫ M = 0, there is no overlap between the wave functions of two Majorana's bound states. The interaction between dot i and MBS on one side changes the parity of the MBS, but does not affect the dot-Majorana interaction on the other side. In this case, there is no communication between two MBSs, corresponding to a zero S 12 . It has been pointed out that when ǫ M approaches to zero, the cross correlation S 12 is proportional to ǫ 2 M and thus vanishes at the point ǫ M = 0. 31 We show that the results are confirmed by both NEGF and DME calculations. With the increase of ǫ M , the current I 1 is suppressed to zero gradually due to the detuning of the dot-Majorana interaction. At relatively low voltage V 0 , the lowest eigenenergy level will be shifted out of the transport window if ǫ M is large enough. Correspondingly, the cross correlation S 12 is governed by the thermal noise for ǫ M ≫ V 0 .
C. Tuning dot energy levels
One of the roles of the quantum dots is to control the nonlocal cross correlation by tuning the dot energy levels, for potential applications in the Majorana-based topological quantum information. 30 Experimentally, typical values are a dot-lead coupling Γ i in the order of 1µeV, which is much weaker than other system parameters. In the weak dot-lead coupling limit, we find the explicit expressions of the current and noise cross correlation (the details can be found in Appendix C). For the symmetric level configuration (ǫ 0 = ǫ 1 = ǫ 2 ), and in the limit of large lead voltage V 0 , we have
where A ω and B ω are defined as
It can be seen that S 12 is always positive in this case. In the small V 0 limit,
where the Fermi function f ω ∈ [0, 1], then S 12 is always negative. Moreover, one can check in Eq. (C2) that S 12 (ǫ 0 ) < S 12 (−ǫ 0 ) for ǫ 0 > 0 and any V 0 . Therefore, with the increase of the lead voltage, S 12 in the regime ǫ 0 < 0 experiences a sign reversal from negative to positive. As V 0 increases further, the sign reversal of S 12 then occurs in the regime ǫ 0 > 0. For the anti-symmetric level configuration (ǫ 0 = ǫ 1 = −ǫ 2 ), in the large lead voltage limit,
and in the small voltage limit
Therefore, S 12 is always positive in the anti-symmetric level configuration. Different from the symmetric case, S 12 is an even function of ǫ 0 for the anti-symmetric level configuration, due to the particle-hole symmetry. From the above discussion, we could conclude the sign of S 12 as a function of dot energy levels in the limit of weak dot-lead coupling, as presented in Table I . In Fig. 4 we further demonstrate the cross correlation S 12 obtained from the NEGF method as functions of the dot energy levels ǫ i for different voltages V 0 , which is consistent with the analytical results. For the small lead voltage comparable to the dot-lead coupling strength, a four peaked clover-like pattern of noise cross correlation is illustrated when modulating the dot energy levels. In the previous experiments, such a four peaked clover-like pattern is also demonstrated in a capacitively-coupled double dot device, where the sign of the cross correlation is independent on the lead voltage. 52, 53 For the present Majorana-dot hybrid device, the lead voltage determines which eigenlevel participates in the transport. With the increase of V 0 , S 12 in the region of ǫ 1,2 < 0 becomes positive firstly and is much weaker than other regions. For large enough V 0 , the transport channels through all eigenlevels are open and their interaction leads the positive S 12 in all regions. In this case, the cross correlation S 12 in the region of antisymmetric level configuration ǫ 1 = −ǫ 2 , is much stronger than that for the symmetric case.
The signature of Majorana fermions in the cross correlation is different from those of non-Majorana setups. In our setup, the key feature of the cross correlation is the four peaked clover-like pattern as a function of the dot levels (as illustrated in Fig. 4 ), due to crossed Andreev reflections mediated by the MBSs. In contrast, the sign distribution is absent in the experiments of other normal superconductor-quantum dot hybrid systems. [54] [55] [56] [57] Also, a setup with a normal s-wave superconductor was theoretically studied, but there the cross correlation was not addressed. 58 We calculate the cross correlation of this non-Majorana setup for comparison (the details can be found in Appendix D). As shown in Fig. 5 , the clover-like cross correlation distribution in Fig. 4 is absent in the non-Majorana setup, where the cross correlation is always positive and the peaks appear at ǫ 1 = −ǫ 2 = ±V 0 . The comparison of Figs. 4 and 5 gives a distinguishable signature of the MBSs in the cross correlation spectrum.
In previous studies, the applicability of the DME approach in Majorana-dot hybrid systems is questioned, especially as a function of dot energy level. 31 Above we have demonstrated in a wide range of system parameters that the DME approach could give the numerical results with high accuracy. In principle, there is no extra limitation on the configuration of the dot energy levels when the DME approach is applied. To confirm this point, we present the cross correlation S 12 calculated by the NEGF method and the DME approach in Fig. 6 . We separately consider the symmetric (ǫ 1 = ǫ 2 ) and antisymmetric (ǫ 1 = −ǫ 2 ) cases of dot level configurations. In the symmetric configuration (ǫ 1 = ǫ 2 ), S 12 shows a strong dependence on the voltage in the leads. positive eventually. In the anti-symmetric level configuration (ǫ 1 = −ǫ 2 ), S 12 vanishes at ǫ i = 0 and shows two peaks lying on both sides of ǫ i = 0. In this case, S 12 is always positive for different configurations of dot energy levels. Due to the particle-hole symmetry, S 12 should be symmetric as a function of ǫ 0 when changing the sign of ǫ 0 . This symmetry can be captured by both the NEGF method and the DME approach, as shown in Fig. 6 . nian. The DME approach assumes the dot-lead coupling as perturbation. In the sequential tunneling regime, the broadening effect in the conductance by the dot-lead coupling is not included in the DME approach. Compared to the results by the NEGF method, the I-V curves by the DME approach display steeper steps at low temperatures. With the increase of temperature, more electrons away from the Fermi energy contribute to the current and thermal fluctuation-induced tunneling is enhanced. For k B T ≫ Γ 0 , the temperature effect becomes dominant. Therefore, one of the applicable requirements of the DME approach is that the temperature is higher than the dot-lead coupling strength. At the low temperature k B T = 0.01, the results by the NEGF method agree well with those by the scattering matrix theory. 31 It is noted that for the case ǫ 1 = ǫ 2 = 0, although the currents calculated by the NEGF method and the DME approach agree well with each other, S 12 shows a large deviation. For different k B T , S 12 by the DME approach always approaches zero, while the NEGF method gives the negative noise cross correlation. However, for other three dot level configurations, S 12 by the NEGF method and the DME approach are in good agreement, even at low temperatures. This implies that the DME approach fails in the calculation of current-current correlation when all the eigenenergies and their interval are comparable to the dot-lead coupling strength.
E. Asymmetric dot-Majorana and dot-lead coupling
In the above discussion we assume a symmetric coupling scenario, i.e., Γ 1 = Γ 2 and λ 1 = λ 2 . Actually, the dot-Majorana and dot-lead couplings determine the dwell time of an electron through the dots, so asymmetric coupling could also modulate the currents and their correlations. To characterize the asymmetry, we define the parameters
for the dot-Majorana coupling, and
for the dot-lead coupling. Figure 4 presents the cross correlation S 12 as functions of p λ and p Γ . As shown in Fig.  9 , the results by two methods show slight discrepancy for weak dot-Majorana coupling strength λ t = λ 1 + λ 2 . The dot-Majorana interaction λ i is the energy scale that measures the relaxation rate of the central region. In the presence of strong asymmetry (p λ → ±1 and p Γ → ±1), the cross correlation S 12 is suppressed considerably. For strong dot-Majorana or lead-dot coupling asymmetry, an electron needs more time to tunnel into or out of one of the double dots, resulting in the suppression of the current flowing through the dot and cross correlation. 9 (b) shows that for strong dot-Majorana interaction, the coupling asymmetry p λ not only modulates the strength of S 12 , but also could reverse the sign of S 12 .
IV. APPLICABILITY OF DIAGONALIZED MASTER EQUATIONS
The NEGF method and DME approach are two common tools widely used in mesoscopic tunneling systems. [45] [46] [47] [48] [49] [50] [60] [61] [62] [63] [64] Although the applicability of the NEGF method and the DME approach have been addressed elsewhere, 46, 49, 65, 66 it is still unclear for unconventional fermionic systems, such as Majorana fermion system. For this MBS-dot hybrid device, it is of great interest whether the DME method could correctly reflect the information of current and noise, as questioned in a previous work.
31
In the previous sections we demonstrated in a wide range of system parameters that the DME approach could give the numerical results with high accuracy. However, one still needs to be careful in two cases. The first is that the DME approach assumes that the dot-lead coupling much weaker than other system energy scales.
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We demonstrate the importance of this restriction in Fig.  10 , in which the coherence strength λ 0 takes values of Γ 0 , 5Γ 0 , and 10Γ 0 and ǫ M (= 2Γ 0 ) is comparable to Γ 0 . It is shown that when all the eigenenergies of H 0 and their intervals are comparable to the dot-lead coupling strength, the results of the DME approach shows a clear deviation from those of the NEGF method. The other case is when degenerate eigenstates appear, the matrix for the stationary state population is linearly relevant and DME is not appropriate. This leads to the obvious deviation between the results of the NEGF method and the DME approach which appears at relatively large voltages for the anti-symmetric level configuration ǫ 1 = −ǫ 2 in Figs. 6 and 7. For ǫ 1 = −ǫ 2 , there exists energy degeneracies in the eigenstates, as a result of particle-hole symmetry.
V. SUMMARY
In summary, we investigated the currents and their cross correlation in a double dot-Majorana hybrid system by using the NEFG method and the DME approach. We systematically studies the effects of the dot energy levels, Majorana energy splitting, Majorana-dot interaction, and the chemical potential in the leads on the transport properties. In the weak dot-lead coupling regime, the analytical expressions of currents and noise cross correlation are presented. It is found that for the symmetric dot level configuration ǫ 1 = ǫ 2 , the noise cross correlation is negative in the small lead voltage case. With the increase of lead voltage, the cross correlation in the cases of ǫ i < 0 and ǫ i > 0 turns to positive successively. In contrast, the cross correlation is always positive and symmetric about zero dot level in the anti-symmetric case ǫ 1 = −ǫ 2 , as a result of particle-hole symmetry. In addition, the sign diagram of the noise cross correlation is presented as a function of dot energy levels. In the present system, the NEGF method can give the exact solution of the transport properties, which provides a benchmark to check the applicability of the DME approach. The results obtained by both methods agree reasonably well in most cases. However, the results of the DME approach show a clear deviation in the cross correlation for strong the dot-lead coupling strength or when energy degeneracy appears in the central region. The comparison will be a reference when generalizing DME to larger systems with many more dot-Majorana units.
In the main context, we present a compact form of NEGF to deduce the formula of tunneling currents and their correlations, which is equivalent to the result of the scattering matrix approach in the noninteracting case. In this appendix, we will give another set of standard formula of NEGF that has been widely used in previous studies. 42, 43, 60, 67 This version of NEGF could take the many-body interaction into account in the proceeding of the equation of motion truncation. In the noninteracting case, it is equivalent to NEGF in the main context. First we introduce the lesser Green's functions, which are defined as
In terms of the lesser Green's functions, the current is written into
and the cross correlation S 12 could be expressed as
and the cross correlation spectrum is given by
where the Green's functions involving both dot and lead operators can be readily related to the Green's functions of only dot operators and only lead operators. By applying the Langreth analytic continuation rules 42, 43 MG r = 1
and G r = ψ|ψ † r . Using the relationship G r = (G a ) † , we can obtain the advanced Green's function. The related lesser Green's functions can be calculated by the Keldysh equation G < = G r Σ < G a . In the present representation, the self energy Σ < is 
where f (ω) = [1 + e ω/kB T ] −1 is the Fermi distribution function and k B T is the system temperature.
In the symmetric level configuration ǫ 1 = ǫ 2 ,
where f 
from which, we can obtain Eqs. (33) and (34) for large and small lead voltages, respectively.
